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^ . We study the exotic particles symmetry in the background of noncommutative two- 

dimensional phase-space leading to realize in physicswise the deformed version of C\- 
| extended Heisenberg algebra and ujoo symmetry. 
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Abstract 



The terminology of Woo algebra is used to refer to a wide class of higher spin algebras 
in two dimensions as a particular generalization of the Virasoro algebra PI El El • Thus, 
in this work, we will look for a Woo symmetry describing two-dimensional particles sys- 
tem living in non-commutative phase-space. This system consists of quasi-particles known 
^ ■ as excitations and quasi-particles or anyons; i.e. fermions (bosons) carrying odd (even) 
number of elementary magnetic flux quanta. They are living in two-dimensional space as 
composite particles having arbitrary spin, and they are characterized by fractional statis- 
tics which are interpolating between bosonic statistics and fermionic one 0. First of all, 
the present work is devoted to study the symmetry describing these special particles bas- 
ing on a noncommutative geometry depending on the statistical parameter v. This latter 
parameter characterizes the planar system. We define the corresponding annihiliation and 
creation operators by introducing an operator acting in the phase direction denoted £j. 
Then, the exotic particles symmetry is given having two extremes the bosonic algebra 
corresponding to v — > and deformed fermionic algebra for v — > 1. The deformed C\- 
extended Heisenberg algebra is realized in two-dimensional noncommutative phase-space 
describing anyons and we construct the io^ symmetry on the same space basing on the 
"exotic" annihilation and creation operators. 



This paper is organized as follows: In section 2, we give a brief introduction on the 
planar system. In section 3, we study the exotic paticles symmetry in the background of 
noncommutative phase-space. In section 4, we review in brief the CVextended oscillator 
algebras and we give its deformed version realized on two-dimensional noncommutative 
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phase-space and then we construct a Fock representation for the noncommutative geom- 
etry discussed in section 3. Thus, the section 4 is devoted to construct the algebra 
characterizing the two-dimensional noncommutative system. 



2 Planar System 



Let us start by recalling the origin of anyons 0]. These particles are known as ex- 
citations in two-dimensional space obey intermediate statistics that interpolate between 
bosonic and fermionic statistics. Thus, to see how come anyons as a theory, firstly, as 
known the configuration space Mfj of N identical particles in ^-dimensional space (3? ) 
is given as follows 



such that Xi = Xj for at least one pair. Here we can imagine that there is a hard core 
interaction between particles keeping them apart. Then we identify the elements of the 
configuration space (xi,...,xn) and (2^(1), x n w\), for any element n of the symmetry 
group Sn since particles are identical. In the special case two-dimensional space with two 
identical particles, the configuration space M| 



is infinitely connected. It is constructed by replacing the coordinates X\ and X2 by the 
center of mass coordinate X = X1 + X2 and the relative coordinate x = X\ — x 2 and by 
removing the diagonal X\ = x 2 means leaving out the origin of the x-plane and "modding" 
by S*2 means identifying x and —x. Then, the resulting construction is the surface of a 
cone with the tip x = excluded. Consequently, any closed loop on the mantle of the 
cone encircling the tip can not be shrunk to a point. Thus M| is multiply connected. 
Secondly, the connection to statistics comes through recognizing that the class of closed 
loops o"j corresponds to an interchange of particles i and i + l (Figure 1). In d > 3, these 
loops can be deformed into each other; e.g. by rotating the loop around a diameter of 
a sphere, then <jj = cr" 1 . In d — 2, this can be done in two homotopically inequivalent 
ways which can be represented by the loop CjCj + i where the two particles move either 
counterclockwise (corresponding to o"j) or clockwise (corresponding to cr^ 1 ) interchanging 
their places, so 7^ and they are elements of the braid group -B^v- The latter condition 
is the difference between B N and S^. 



N — 




by removing the diagonal A defined by the set 



A = {(x 1 ,...,x N )E($l d ) N /x l = x ] } 



Ml = 3ft 2 x {cone without the tip} 




i + l 



-1 



Figure 1: The interchange of two particles i and i + 1 along the closed loop CjCj+i. 



Now to look for a unitary one- dimensional representations of Bn, we pose x( a i) = e% ^ i 
and we have the following constraint 

from the Feynman propagator 

requiring x{ a i)x{ a j) = x( a i a j)- The representations x(°0 are the weights of different 
classes a and the sum runs over all classes. K a denotes the integral over all paths in the 
class a. The constraint a^a^ai = cr i+1 aia i+ i requires that 4>i = <Pi+i- Thus it is customary 
to write 

X (a l ) = e- W \ X (a^) = e^\ v G [0, 2) (1) 

with v is called statistical parameter. If v = 0, the particles are bosons that obey Bose- 
Einstein statistics and if v — 1 the particles are fermions with Fermi-Dirac statistics. 
After reviewing in brief the planar system and its statistics, we give in what follows its 
associated symmetry interpolating between bosonic and fermionic symmetries. 



3 Two- Dimensional Particles Algebra 

In this section, we start by briefly recalling the non- commutative geometry 0. Its 
most simple example consists of the geometric space described by non-commutative her- 
mitian operator coordinates Xi, and by considering the non- commutative momentum op- 
erators Pi = id Xi (d Xi the corresponding derivative of Xj). These operators satisfy the 
following algebra 

[xi,Xj] = iOeij, [Pi,Pj] = iO^tij, \pi,Xj] = -iSij 

(2) 

[p u t] = 0= [x u t], [pi, d t \ = = [xi, d t ], 

with t the physical time and d t its corresponding derivative. 

By considering two-dimensional harmonic oscillator which can be decomposed into 
one-dimensional oscillators. So, it is known that the algebra (2) allows to define, for each 
dimension, the representation of annihilation and creation operators as follows 

* (3) 

with fj, is the mass and oj the frequency. These operators satisfy 

[0i,aj] = 1, 

defining the Heisenberg algebra. In the simultanuously non-commutative space-space and 
non-commutative momentum-momentum, the bosonic statistics should be maintained; 
i.e, the operators a\ and a] are commuting for i ^ j. Thus, the deformation parameter 6 
is required to satisfy the condition 



To find out an algebra describing the planar system we start by introducing the non- 
commutative geometry depending on the statistical parameter v G R. In this investigation 
we don't deform the combined commutator of momentum and spatial coordinates. The 
noncommutative geometry is then defined by the following fundamental algebra 



(4) 



Prposition 1 

[xi,Xj] x = i9e ij: [Pi,Pj} x = -iO(/Jw) 2 e ij: \pi,Xj] = -15^ 
[Pi, t]=0= [xi, t], [pi, d t ] = = [x u d t \. 
By straightforward calculations we obtain 

= i&ij + Cji? [Pij-^jlx = Dji, (5) 

where = (1 — x)Pj x i an d ^ji = (1 — x) x jPi- The second deformation parameter x is 
given by 

Definition 1 

X = e ±lv \ (6) 

where ± sign indicates the two rotation directions on two-dimensional space. 9 is non- 
commutative parameter depending on statistical parameter v as we will see later and the 
notation [x, y] q = xy — qyx. 

Then, we introduce an operator £j acting on the momentum direction in the phase- 
space. We assume that & satisfies the following commutation relation 

Proposition 2 

[£ i ,x j ]=0 (7) 
In this case, we define the annihilation and the creation operators by 

Definition 2 

(8) 

*>t =s/W(x i -±tr 1 Pi), 



with £i is defined in terms of statistical parameter v and an operaor Ki which could be a 
function of the number operator N 

Definition 3 

(Li = e™ Ki , (9) 
To be consistent with the hermiticty of coordinates we suggest that 9 is satisfying 

] = x^d. 

Then, we give the following expression 
Definition 4 



= 1/(1 + *) J. 



(10) 



Consequently the exotic particles algebra is defined by the following commutation 
relations 

It is clear that this algebra is a deformed version of Heisenberg algebra and this is one 
of the very interesting results discussed in this work. Another important remark we get 
from this symmetry is concerning the values that statistical parameter can take leading 
to extremes; if v = we get \ = 1, 9 = and Cji = = Dji and the symmetry (11) 
becomes bosonic algebra generated by the operators given by (3). Then, this latter is an 
extreme of the symmetry (11) describing exotic particles system. Another interesting case 
is v — 1 leading to x = — 1,0 = and Cji 7^ 7^ and the algebra (11) goes a deformed 
fermionic algebra defined by 

{K,bj} = \{e™ K * + e~ iirK i)Sij - \{e-™ K iCn - e^D^), 
{&+ &+} = i( e - i7r ^ - e~^)<% - §(< ' ::K -Cj, + e-^Dji), (12) 
{for, 67} = I( e ^ - e^Sij + ->{< ,: K ■( 'j, + e^D^). 

second extreme of (11). 
The main results we get from this section is that exotic particles algebra goes to bosonic 
algebra if v — ► 0. This means that our system is originally gotten by exciting a bosonic 
system in two-dimensional space. Also, we get a deformed fermionic algebra as a second 
extreme when the statistical parameter v equals to 1. Thus, we remark that the system 
described by the above algebras (12) doesn't have anything to do with fermions originally 
but it could be related to something else as deformed fermions which are known in the 
literature as quionic particles or fcj-fermions, hi integer number introduced as deformation 
parameter, and these kinds of particles are known as non physical particles. 



4 Deformed Oscillator Algebras 

In this section we show that the extended Heisenberg algebra [6 3 could be a symme- 
try of planar system at defomed level. First we start by a short review on CVextended 
oscillator algebra and then we give the defomed form of this symmetry which describes 
exotic particles in two-dimensional space. 

4.1 Extended Heisenberg Algebra 

We review in brief the C^-extended oscillator algebras. As known in the literature, a 
generalization of the Calogero-Vasiliev algebras, the C^-extended oscillator algebras (also 
called generalized deformed oscillator algebras (GDOA's)), denoted A x , X = 2,3,..., are 
defined by 

A-l 

[N, a)} = a\ [a, a)} = I + £ a^P^ 
[iV,P M ] = 0, a)P^ = P, l+l a\ 



together with their hermitian conjugates, and 



1 P P = S P 

(14) 

1, n= 1,...,A-1. 

where a M G R, N is the number operator and P M are the projection operators on subspaces 
F^ = {\k\ — fj)\k — 0, 1, 2, ...} of the Fock space F which is portioning into A subspaces. 
The operators a and a) are defined by 

da = F(N), aa) = F(N + 1), (15) 

A-l n-1 

where F(N) = N + P^P^ Pn = E a v, which is a fundamental concept of deformed 

oscillators. Let's denote the basis states of subspaces F^ by \n) = \kX + fi) ~ (a^) n |0) 
where a\0) = 0, |0) is the vacuum state. The operators a, a* and N act on F^ as follows 

N\n)=n\n), d\n) = ,Jf(N + l)|n + 1), a\n) = ^F(N)\n-l). (16) 

According to these relations, a and a} are the annihilation and the creation operators 
respectively. 

Particularly, if A = 2, we have two projection operators P = \{I + (— 1) N ) and 
Pi — \{I — (—1) N ) on the even and odd subspaces of the Fock space F, and the relations 
of (13) are restricted to 

[N, at] = at, [a,a!]=I + KK, {K,d} = 0, (17) 

with their hermitian conjugates, where K = (— 1)^ is the Klein operator and k is a real 
parameter. These relations define the so-called Calogero-Vasiliev algebra. 

The C\-extended oscillator algebras are seeing as deformation of G-extended oscillator 
algebras, where G is some finite group, appeared in connection with n-particle integrable 
models. In the former case, G is the symmetric group S n . So, for two particles S2, can be 
realized in terms of K and ^-extended oscillator algebra becomes a generalized deformed 
oscillator algebra (GDOA) also known as the Calogero-Vasiliev or modified oscillator 
algebra. In the C A -extended oscillator algebras, G = C\ is the cyclic group of order A, 
C\ = {1, K, K^ 1 }. So, these algebras have a rich structure since they depend upon A 
independent real parameters, a , a±, ox-iv 



„ , A— 1 2niv(N-u,) A— 1 

u=0 n=0 



A-l 

E « M = 0, 

ii=0 



n-i 

E a u > - 

u=0 



4.2 Deformed C^-Extended Heisenberg Algebra 

Other version of anyonic algebra can be obtained by treating the special case of 
statistical parameter v e [0, 1]. By using, the Taylor expansion to the operator £j, the 
first commutation relation in the algebra (11) can be rewritten in this form 

[b~, b% = (/ + 3$)^ + 4^- + gg 1 , (18) 

where 

^ K 211 - 1 - K 211 - 1 ^ K 2k 4- K 2k 

^ = E ^ 1 9 j + E 1 l 3 , (19) 
<=i z fc=i z 

Q M = _ i g {i^ {{ _ Kj)PCji _ RfDji) 



and 

A-l 



4' = ^('+X#(Mr), po) 



2 v S «! 

with meNis even and n G N odd such that n, m < A — 1 with A G N by imposing 

The coeffecients k v ^ and are given in terms of statistical parameter as follows 

— 7\7> Kv ,k 



(21 -1)1' (2k)\ ' 

Then, the last two commutation relations of (11) become 

A— 1 , . s.™ 7V'Q JSC*. A— 1 / - \ n 

p=0 



lK,bj] x = E 1 - <ff E 1 + 



(21) 



p=0 



Now if we pose the following 
Proposition 3 



with Ni is a number operator defined in terms of bf and b i as 

= f( N l (22) 
with / is some function such that the following relations are satisfied 

[N u bj] = -Sijbi, [N u 6+] = 5 i:j bl 

Kibj = Sije'^bjKi, Kjb) = tfi^xftti^. 

Thus, It is easy to see that the obtained relations (18) and (21) define a physics- 
wise realization of deformed CVextended Heisenberg algebra on two-dimensional non- 
commutative space describing exotic particles, where C\ is a cyclic group 

C x = {I,K i ,K*,K*,...,K}- 1 }, AGN. 

Again once, it is clear that the obtained algebra goes to bosonic symmetry if v goes to 0. 

4.3 Fock Representation 

It is convenient to construct a Fock representation for the algebra (4,5) underlying 
the non-commutative geometry by way of the operators (8) obeying (18,21). The Fock 
space is introduced by the set 

K = Un): n = 0.11- (23) 



with the states | n) are defined as 



n) 



f(Vn\) 



(b+) n \0), n = 0,l 



(24) 



they are the quantum mechanical states inherent to the non-commutativity (4), with | 0) 
the vacuum state and / is some funtion definning the number operator iVj as given above 
in (22). The "exotic" annihilation and creation operators act on Fock space as 



bt\n)=f(V^+T)\n+l), 



(25) 



Then, Owing to (8,25), the non-commuting spatial and momentum coordinates are acting 
on Fock space as 



xi | n) 
Pi | n) 



/2flW 



e A — e A 



f(y/n) |n-l) + /(v^TT) |n + l) 

-f(Vn) |n-l)+/(v^TT) |n + l) 



(26) 



5 LJoo- Algebra 

First let us extend the commutation relation of (18). For any order (3 of bj we obtain 
the following extended commutation relation on non- commutative space 



h,(bi)x=(p+F tl+ p tl )(bir-\ 



(27) 



where 



Fa = Y,Pk K»,kK? k , P u = - - E 

p=0 



k=l 



i amy 



2 — pi 



Pk Kf((-iyc u - a 



1 -2(2fc)7T7 

with p fc = E e a . 

7=0 

Then we generalize the symmetry (27) for any order a and /3 of 6« and fe| respectively 
and we get 

IK, (b\)\ = E E(/9+ (F« + P«)9*)G!?(6!)^- 1 (6 i ) a -'- 1 , (28) 

fc=0 r/=0 

with q = e - ^ and according to (27) the operators G}$ are defined by the following 
relation 

(29) 

+Gi?(&l) /3 - 1 (^) a , 

here we recite some of them, since the calculations are long and complicate for the orders 



9 < a < a — 5, 

d§ =1 

CE ] =a(/3-l) + "ziFa + PiJq* 

e=0 



+ E 2 Iff ((/? - a) + (Fjj + P 4l )g a - CT ) n 1 - a) + (P l4 + PiOg"" 01 - 1 ) 

a=2 (7=1 v 7 <7=a-(/i-l) V ' 



+ (2(J3 - 1) + E 1 (F« + P«)g") V ((/? - <r) + (F« + P*)^-'" 1 ) 

G * = ^((/S-^ + CPu + Pi)^)- 

Thus, in terms of quasi-particles operators (8), we define the following generators 

n m = (b\mr. m 

By using the commutation relations (28) and the definition (29) of the G^f, the oper- 
ates T^ m satisfy the commutation relaions 

m— 1 a n—1 a 

\rps rpt ] _ [V^ Y 1 E>*' S \^ \^ r>S,t]rpS+t-(e-l) /oi \ 

i-'t.mi 1 i,n\x — [ Z^ Z^ -""a/ Z^ Z^ ^WJ J i,m+n-(^-l) ' l 0i / 

with 

where the notation G^| s ) indicates that the parameter g in the expression of G^§ becomes 
q s . 

The relation (31) defines a algebra characterizing the non-commutative system 
consisting of two-dimensional particles. 



6 Conclusion 

We conclude by giving the main results of this paper: The exotic particles algebra 
is constructed basing on noncommutative geometry depending on statistical parameter 
which characterizes the planar system. In this background, the deformed version of C\- 
extended Heisenberg algebra is realized in physicswise having two extremes bosonic alge- 
bra and deformed fermionic algebra. Then using the "exotic" annihilation and creation 
operators generating the planar system algebra we construct a Woo symmtery character- 
izing the two-dimensional noncommutative system. 
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